
1

PHYSICAL REVIEW E AUGUST 1997VOLUME 56, NUMBER 2
Universality of the Kolmogorov constant in numerical simulations of turbulence
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Motivated by a recent survey of experimental data@K. R. Sreenivasan, Phys. Fluids7, 2778 ~1995!#, we
examine data on the Kolmogorov spectrum constant in numerical simulations of isotropic turbulence, using
results both from previous studies and from new direct numerical simulations over a range of Reynolds
numbers~up to 240 on the Taylor scale! at grid resolutions up to 5123. It is noted that in addition tok25/3

scaling, identification of a true inertial range requires spectral isotropy in the same wave-number range. The
new simulations indicate approximate inertial range behavior at lower wave numbers than previously thought,
with proportionality constantsC1 andC in the one- and three-dimensional energy spectra, respectively, about
0.60 and 1.62. The latter suggestsC1'0.53, in excellent agreement with experiments. However, the one- and
three-dimensional estimates are not fully consistent, because of departures~due to numerical and statistical
limitations! from isotropy of the computed spectra at low wave numbers. The inertial scaling of structure
functions in physical space is briefly addressed.@S1063-651X~97!12708-8#

PACS number~s!: 47.27.Ak, 47.27.Gs, 47.27.Jv
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I. INTRODUCTION

Inertial-range behavior as postulated by Kolmogoro
~K41! similarity hypotheses@1# is widely regarded as a fun
damental characteristic of turbulence at high Reynolds n
ber. In particular, in the inertial range of intermediate sca
the K41 result for the one-dimensional longitudinal ener
spectrum is given by

E11~k1!5C1^e&2/3k1
25/3, ~1!

wherek1 is the longitudinal wave number,C1 is known as
the Kolmogorov constant, and̂e& is the mean dissipation
rate. Although K41 theory is subject to intermittency corre
tions associated with dissipation rate fluctuations, such
fects are primarily manifested in higher-order statistics.
deed, intermittency effects on the second-order ene
spectrum exponent are believed to be small and hardly m
surable~Kolmogorov@2#, Frisch@3#!, while at the same time
may contribute to a persistence Reynolds number dep
dence for higher-order structure functions~L’vov and Proca-
cia @4#!.

The classical view of the ‘‘five-thirds’’ scaling law above
with substantial experimental support~e.g., Monin and Ya-
glom @5#, Sec. 23.3!, is that C1 has a universal value a
asymptotically high Reynolds number. Recently, howev
there is renewed debate on the universality ofC1 , in part
because of new measurements at high Reynolds num
~Praskovsky and Oncley@6#! and a subsequent new simila
ity theory ~Barenblatt and Goldenfeld@7#! that suggested a
persistent Reynolds number dependence even at high
nolds numbers. On the other hand, the conclusion from
new and very extensive survey of experimental data
Sreenivasan@8# is that, taken collectively, measurements
not support such a dependence for the Kolmogorov cons
561063-651X/97/56~2!/1746~7!/$10.00
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Sreenivasan found that the value ofC1 averaged over the
many different experiments cited is about 0.5360.055, al-
though some corrections for the estimation of dissipation
ing local isotropy assumptions in experiments may be w
ranted. It is still possible~Barenblatt and Goldenfeld@7#,
Sreenivasan@8#!, though, that controlled experiments for
single geometry over a wide range of Reynolds numbers m
reveal significant trends otherwise masked by experime
scatter; new measurements of this nature~suggesting strong
Reynolds number dependence! have been reported by Myd
larski and Warhaft@9#.

This paper is motivated by the survey of experimen
data noted above, and will focus on similar issues arising
numerical simulations of isotropic turbulence. We first r
view the basis for estimating the Kolmogorov constant fro
previous studies, and then present new results from di
numerical simulations~DNS’s! over a range of Reynolds
numbers. Because of Reynolds number considerations
accurate evaluation of the Kolmogorov constant by DNS
admittedly very difficult. As such, we limit ourselves to th
task of providing new insights on the interpretation of K4
similarity in the DNS literature. For similar reasons, we sh
not consider the use of DNS to study issues pertaining to
refined similarity hypotheses of Kolmogorov~K62! @2# ~see,
e,g., Chenet al. @10#, Wanget al. @11#, and others!.

In numerical simulations, K41 similarity is frequently dis
cussed in terms of the three-dimensional energy spect
function E(k) ~wherek is the wave-number magnitude!. If
the turbulence at scale size 1/k is isotropic then a kinematic
constraint relating one- and three-dimensional spectra is

E~k!5
1

2
k3

d

dk S 1

k

dE11~k!

dk D . ~2!
1746 © 1997 The American Physical Society
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TABLE I. Kolmogorov constant computed from DNS and LES.~We included most of the recent numerical data on the Kolmogo
constant.!

Authors Method Grid Rl C ~1D!a C ~3D!

Lesieur and Rogallo@12# Forced LESb 1283 1.5–1.8
Chasnov@13# Forced LESc 1283 2.1
Zhou @14# LESd 2563 1.5
She and Jackson@15# LESe 1283 1.88
Borue and Orszag@16# LESf 2563 1.2–1.7 1.2–1.4
Kerr @17# Forced DNS 1283 82 2
Vincent and Meneguzzi@18# Forced DNS 2403 150 2
Sanda@19# Forced DNS 2563 120 2
Jiménezet al. @20# Forced DNS 5123 1702 0.91–1.22 2
Wanget al. @11# Forced DNSg 5123 190 1.68 1.5–2
Hosokawaet al. @21# DNS 5123 160 2.1
Present study Forced DNS 5123 240 1.83 1.62

aC ~1D! is obtained as (55/18)C1 , assuming isotropy in the inertial range.~Hosokawaet al. used 0.76C2 , from the structure function.!
bSpectral LES with a spectral eddy viscosity.
cSpectral LES with an eddy viscosity and a stochastic force.
dZhou used simulation databases from a constrained energy simulation where a ‘‘five-thirds’’ spectrum is maintained. Furtherm
self-similarity condition is used to compute an ideal Kolmogorov energy transfer function. The Kolmogorov constant is determined
flux.
eShe and Jackson used the constrained Euler system simulation. The Kolmogorov constant is determined from the flux.
fBorue and Orszag reported their decaying DNS at 2563 resolution along with a hyperviscosity. BothC ~1D! andC ~3D! are estimated by
the authors of the present paper from Fig. 4 of@16#. The contributions from the ‘‘bumps’’ are ignored.
gWanget al. argued that the Kolmogorov constant is more accurate when estimated fromC ~1D! followed by using the isotropy relation
n
ra
s.
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Substitution of Eq.~1! into Eq.~2! implies that in the inertial
range

E~k!5C^e&2/3k25/3, ~3!

whereC555/18C1 . In principle, therefore, one may obtai
either C or C1 ~from three- and one-dimensional spect
respectively! and infer the other using isotropy relation
Values of the Kolmogorov constantC ~estimated using ei-
ther of these approaches! cited in a number of recent hig
resolution numerical studies by other authors@11–21# are
collected in Table I. Some relevant results from large-ed
simulations~LES’s! are included also.~Note that we have
quoted values ofC from the highest-resolution data in eac
of these references, since from the viewpoint of present
per we should not infer the Kolmogorov constant from lo
resolution simulations, especially in the older data.!

It may be noticed that most of the values displayed
Table I are higher than the value 1.619, which is 55/18 of
experimental average of 0.53 forC1 . Note that, however,
Zhou @14# found that the Kolmogorov constantC51.5 from
calculations of the spectra energy flux based on the s
similarity condition of the triadic energy transfer function,
the form T(k,p,q)5a3T(ak,ap,aq) ~wherea is a scaling
constant!. A commonly used procedure~e.g., Kerr @17#,
Jiménezet al. @20#! for estimating the value ofC is to plot
the ‘‘compensated’’ three-dimensional energy spectrum

c~k![E~k!^e&22/3k5/3 ~4!

as a function of wave number normalized by the Kolmo
orov scale~h!, and to interpretC as the height of a ‘‘pla-
teau.’’ However, it should be noted that whereas a flat reg
,

y

a-

e

lf-

-

n

in the compensated spectrum impliesk25/3 behavior, the ob-
servation of ak25/3 scaling range is not by itself a sufficien
condition for an inertial range. It is important that isotrop
also be attained in the wave-number range which displ
k25/3 behavior. ~If the isotropy requirement were relaxe
then, in principle, one would have a different value of t
‘‘Kolmogorov constant’’ in each direction, and the conce
of universality would be lost.! Indeed, as will be seen in th
rest of this paper, our new results demonstrate that deviat
from isotropy can contribute to values ofC that appear to be
too high.

The major limitation in using DNS to examine inertia
range dynamics is, of course, the difficulty in attaining hi
Reynolds numbers. However, recent advances in massi
parallel computing have shown significant promise. O
simulations were performed using a parallel implementat
@22# of the well-known Fourier pseudospectral algorithm
Rogallo @23# on the IBM SP at the Cornell Theory Cente
The highest grid resolution used is 5123, with a Taylor-scale
Reynolds number (Rl) about 240 averaged over about fo
eddy-turnover times. Whereas this Reynolds number is
high compared to some recent laboratory experiments~Rl

473 in Mydlarski and Warhaft@9#!, it is about the same as~or
slightly higher than! the highest values reported in the DN
literature~for example,Rl 218 in Caoet al. @24#!. Numerical
results on spectra as well as structure functions~to which
Kolmogorov @1# originally referred! are given in the next
section. In order to characterize issues of Reynolds num
dependence and attempt to quantify a minimum Reyno
number threshold above which inertial-range behavior co
be expected, we present data at five different grid reso
tions.



a
ib
ly
ha
s

w

e

is
ld

ed
s
ic
a

st
er

ula
ve
ar

f
he
u
-
ti
e

st
u-
ol
la

al
te
nu

pe
ll

e-
all-
the

e

w-
y

in a
a

opy

ish
au,

ent
n, a
the

The
lls

-
he

s
ld
In

ed
eri-

s.

e,

1748 56P. K. YEUNG AND YE ZHOU
To maintain a stationary state so that results may be
eraged over time at the highest Reynolds number poss
using a given number of grid points, it is usual to app
numerical forcing at the large scales. In the literature this
been done in several different ways, such as adding a
chastic forcing term~Eswaran and Pope@25#!, holding the
energy in the lowest-wave-number shells fixed while allo
ing phase information to evolve~Chenet al. @10#, Sullivan
et al. @26#!, or by introducing a negative viscosity in thes
shells~Jiménezet al. @20#!. Alternatively, LES@12–15#, with
and without forcing, as well as simulations with a hyperv
cosity @16# can also be used to achieve higher Reyno
numbers. However, it is generally believed that~e.g., see
@20#!, the precise manner of forcing—provided it is appli
to the largest scales in the flow—has no systematic effect
the inertial-range energy spectrum, nor on the statist
character of the small scales. Whereas in this work we h
used the scheme of Eswaran and Pope@25#, we have checked
that similar calculations in which the energy in the fir
couple of wave-number shells is fixed do not warrant diff
ent conclusions.

II. RESULTS

We present spectra and structure functions from sim
tions of forced stationary isotropic turbulence averaged o
relatively long time periods. Major simulation parameters
summarized in Table II. For the less expensive 643 and
1283 runs the averaging time (T) shown is the aggregate o
multiple simulations of shorter duration. In all cases t
small scales are considered to be well resolved, as meas
by kmaxh'1.5, wherekmax is the highest wave number rep
resented by the grid points. The nondimensional quan
^e&L1 /u83 ~whereL1 is the longitudinal integral length scal
derived from the longitudinal velocity correlation, andu8 is
the rms velocity! in the last column of this table is of intere
in the scaling of̂ e& with u83/L1 using energy cascade arg
ments; it appears to approach a constant at high Reyn
numbers. This trend is similar to that found in the simu
tions of Jiménezet al. @20#, Wanget al. @11#, and Caoet al.
@24#, and to that in experiments~Sreenivasan@27#, Fig. 1!.
The differences among different ‘‘asymptotic’’ numeric
values are due in part to differences in the definition of in
gral scales and in flow conditions in experiments and
merical simulations.

Figure 1 shows the three-dimensional compensated s
trum c(k) in Kolmogorov scaling.~Note that in these and a
other figures linesA–E refer to data at five different grid

TABLE II. Major simulation parameters in the new result
Note thatT is the total averaging time period, andTE is the eddy-
turnover time~the ratio of the longitudinal integral length scal
L1 , to the rms velocity fluctuation,u8!.

Grid Rl T/TE ^e&L1 /u83

643 38 146 0.693
1283 90 139 0.499
2563 140 9.8 0.475
3843 180 3.2 0.419
5123 240 3.9 0.416
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resolutions from 643 to 5123 respectively, as listed in Table
II.! Except for small spectral turnups at the high-wav
number end resulting from residual aliasing errors, sm
scale universality is unambiguously achieved, even at
lowest Reynolds number~Rl 38 in 643 simulations!. Two
relatively flat ~i.e., k25/3! regimes of limited extent can b
seen: namely atkh'0.1– 0.2 in the form of a bumpy ‘‘pla-
teau’’ which is seen at all grid resolutions, and in the lo
wave-number rangekh'0.02– 0.05 which is captured onl
at higher~2563 and beyond! resolutions. If the former were
taken to represent the inertial range then one would obta
Kolmogorov constantC greater than 2.0, as reported by
number of other authors~see Table I!. On the other hand, it is
clear that the level ofc(k) in the rangekh'0.02– 0.05
agrees well with experimental data, if one uses the isotr
relation C555/18C1 , which would imply C1518/55 C
'0.53. It is our objective in the analyses below to establ
that this lower-wave-number region, rather than the plate
represents~the beginnings of! a proper inertial range.

In order that inertial range dynamics can be independ
of both the large-scale energetics and viscous dissipatio
wide scale separation must exist between the peaks of
energy and dissipation spectra in wave-number space.
peak ofE(k) occurs in the lowest two wave-number she
~kh'0.01 for the 5123 data!, whereas from a plot of the
dissipation spectrum we find that the peak ofD(k)
[2nk2E(k) occurs atkh'0.17. This location of the dissi
pation spectral peak is virtually the same as found by S
et al. @28# and Wanget al. @11#. Since this almost coincide
with the ‘‘plateau’’ in Fig. 1 it is clear that the plateau shou
not be taken as an indication of inertial-range behavior.
fact, this plateau may be identified with the so-call
‘‘bottleneck’’ phenomenon that has been discussed in exp
mental~Saddoughi and Veeravalli@29#!, theoretical~Falkov-

FIG. 1. Compensated three-dimensional energy spectrumc(k)
vs Kolmogorov-scaled wave numberkh, at five different Reynolds
numbers and grid resolutions~see Table II!. Dashed horizontal lines
at levels 1.6195(55/18)0.53 and 2.0 are drawn for reference.
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ich @30#!, and numerical~Borue and Orszag@31#! work. Ac-
cording to this theory, viscous effects on spectral trans
causes an increase~relative tok25/3! in the energy spectrum
at intermediate wave numbers. Nonlocal interactions am
Fourier modes well separated in scale~Brasseur and We
@32#! are also believed to play an important role~Herring
et al. @33#!. We also note that Brasseur and Wei argued t
there should be about a decade in scale separation bet
the wave number where the inertial range ‘‘ends’’ and
dissipation peak, which is more than that~about 3 to 4!
found in DNS~Wanget al. @11# and this paper!. A full un-
derstanding of this latter issue awaits future high-resolut
simulations and experimental data.

A more direct comparison with experiment may be ma
by considering the compensated longitudinal energy sp
trum, i.e., c1(k1)5E11(k1)^e&22/3k1

5/3, which is shown in
Fig. 2. Because this spectrum drops off very rapidly at h
wave numbers, we have used log-linear scales to highl
the function values at any wave-number ranges wherec1 is
approximately constant. Two such ranges can be seen,
responding to those forc but in each case occurring at lowe
wave numbers. The observation that the peak ofc1(k1) oc-
curs atk1h50.05 is similar to high Reynolds number me
surements in both boundary layers~Saddoughi and Veer
avalli @29#! and grid turbulence~Mydlarski and Warhaft@9#!.
It is also apparent that the value ofC1 inferred from this
figure is about 0.60, which is somewhat higher than, but s
relatively close to the experimental average@5# of 0.53.

From Figs. 1 and 2 we may conclude that the best val
obtained forC1 from the three- and one-dimensional spec
are about 0.53 and 0.60, respectively. These values~espe-
cially the former! are closer to experiment than those cit
previously in the literature. Yet there is evidently some
consistency between these two estimates forC1 . These dif-

FIG. 2. Compensated one-dimensional energy spectrum
Kolmogorov-scaled wave numberk1h, at five different Reynolds
numbers and grid resolutions~see Table II!. The reference lines are
drawn at levels 0.53 and 0.60.
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ferences are due to deviations from isotropy in wave-num
space, as further studied below.

In addition toE11(k1) we have also computed the tran
verse energy spectrum, for which the classical inertial-ra
result is

E22~k1!5C18^e&2/3k1
25/3, ~5!

where isotropy requiresC185 4
3 C1 . The compensated trans

verse spectrum~Fig. 3! exhibits a similar but stronger bum
at k1h'0.07. We also find that the ratioE22(k1)/E11(k1) is
close to 4/3 in the rangek1h'0.02– 0.04, but increase
steadily with wave number beyond this range.

If a five-thirds scaling holds for both one- and thre
dimensional spectra over thesamewave-number range the
the functionsE(k) andE11(k) should be proportional within
this range. Figure 4 shows the spectral ratioE(k)/E11(k),
compared with the classical inertial range value of 55/18
may be seen that, at the wave-number range (kh
'0.1– 0.2) corresponding to the plateau in Fig. 1, this ra
is considerably higher than 55/18 and in fact increa
roughly in proportion tokh. This observation provides fur
ther evidence that the plateau inc does not represent a
inertial range. The transition from behavior without a lev
region to one at a value close to 55/18~at Rl 240 at 5123

resolution! occurs betweenRl 90 ~on an 1283 grid! andRl

140 ~for 2563!. The ratioC/C1 inferred in this manner is
seen to be somewhat less than 55/18.

It should be noted that isotropy of the spectral tensor i
key requirement for the relationC555/18C1 . Although the
simulations are of~nominally! isotropic turbulence, depar
tures of the computed spectra from isotropy are, in fact,
totally unexpected. It is well known that sampling limitation
arise in the lowest few wave-number shells because r
tively few samples of the large scales are present in a s
tion domain of finite size. Furthermore, since the soluti

vs FIG. 3. Same as Fig. 2, but for the transverse spectrum.
reference lines are drawn at levels 0.7075(4/3)0.53 and 0.8.
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1750 56P. K. YEUNG AND YE ZHOU
domain in physical space is a cube~rather than a sphere!, the
averaged statistics are at best invariant among the three
tesian coordinate axes, but do not satisfy the stricter requ
ment of no preferential orientation in three-dimension
space. As an example we may note that whereas the pe
icity length of the flow along the coordinate axes is equa
the length of each side of the solution domain, it is longe
measured along directions inclined to the axes. This effec
felt primarily in spatial correlations over large separations
space, which correspond to low wave numbers in Fou
space.

Following Jiménez et al. @20#, as a test of spectral isot
ropy, in Fig. 5 we plot an ‘‘isotropy coefficient’’

I ~k1![
E11~k1!2k1E11~k1!/dk1

2E22~k1!
, ~6!

which should be equal to unity if the spectra were stric
isotropic. The results are similar to those of Jime´nez et al.
~who used a different forcing scheme!, although we have
apparently achieved improved isotropy at the small sca
At low wave numbers we observe significant deviations fr
isotropy in all simulations. In particular, at wave numbe
that best resemble an inertial range (k1h'0.2– 0.4) in the
high-resolution simulations, we find departures from isotro
on the order 10%, which would explain at least in part t
observed departure from the resultC555/18C1 . For a
given k1h it is also seen that agreement with isotropy im
proves with increasing resolution, which causes the resp
tive scale size to become smaller compared to the solu
domain. The value ofI (k1) at the lowestk1 in each simula-
tion is systematically less than 1.0: this can be traced to
constraints placed on two-point correlations by the use

FIG. 4. The ratioE(k)/E11(k) vs Kolmogorov-scaled wave
number. The horizontal line is at 55/18, whereas the sloping
has slope unity. Because this ratio attains very large values at
wave numbers, only the lower half of the wave-number range
each simulation is shown.
ar-
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periodic boundary conditions. Note that similar conclusio
are obtained from the use of another isotropy coeffici
~Borue and Orszag@16#! which is based on Eq.~2! relating
one- and three-dimensional spectra. A more rigorous an
sis of spectral isotropy could also be made based on princ
anisotropy invariants of the spectrum tensor~Yeung et al.
@34#!. Whereas we have not collected sufficient data to co
pute this information from the high-resolution runs, resu
from 643 runs do show similar departures from anisotropy
the lowest few wave-number shells.

Despite the observed departures from isotropy, it can
argued that the higher-resolution~2563 and beyond! spectra
shown in this paper do represent approximate inertial-ra
behavior. For a corresponding description in physical sp
we include results for the structure functions as a function
spatial separationr . It is well known that the inertial-range
forms for the second- and third-order longitudinal structu
functions are

DLL~r !5C2^e&2/3r 2/3, ~7!

whereC2'4.02C1 from isotropy and

DLLL~r !52
4

5
^e&r . ~8!

In Figs. 6 and 7 these structure functions are shown in K
mogorov scaling in order to compare with the theoreti
proportionality constantsC2'4.02C1 and 24/5. It is clear
that the highest Reynolds number data shown agree
with classical inertial range results. Numerical values
2DLLL(r )/^e&r at intermediate resolutions also fit in we

e
gh
n

FIG. 5. The isotropy coefficientI (k1) @see Eq. ~6!# vs
Kolmogorov-scaled one-dimensional wave number.~A value of
unity signifies spectral isotropy.!
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within the Reynolds number trend suggested by new m
surements in grid turbulence over a range of Reynolds nu
bers~Sreenivasan and Dhruva@35#!.

It is perhaps worth noting that the highest-resoluti
(5123) simulation reported is at a higher Reynolds numb
and are averaged over a greater number of large-eddy t
over times than several other studies reporting 5123 results
~e.g., Jime´nez et al. @20#, Chenet al. @10#, and Wanget al.
@11#! for stationary isotropic turbulence. The spectra a
structure functions obtained from these and the present si
lations demonstrate that, with the latest advances in m
sively parallel computing, issues concerning inertial-ran
similarity in DNS can now be addressed in a more relia
manner than possible before.

III. CONCLUSIONS AND DISCUSSION

We have presented new results on the Kolmogorov s
ing of energy spectra and structure functions in the iner
range, from direct numerical simulations of stationary isot
pic turbulence ranging fromRl 38 ~on a 643 grid! to Rl 240
~on 5123!. It is pointed out that a plateau in the compensa
three-dimensional energy spectrum atkh'0.1– 0.2 com-
monly used to infer the Kolmogorov constant from the co
pensated three-dimensional energy spectrum in fact does
represent proper inertial range behavior. Instead, a prope~if
still approximate! inertial range emerges atkh'0.02– 0.05
whenRl increases beyond 140. We find that the proportio
ality constantsC and C1 in the three- and one-dimensiona
compensated energy spectra are about 1.62 and 0.60, re
tively. These values are closer to experimental data than
ported in most previous numerical simulations. In particul
if isotropy relations are used then we may infer from t
three-dimensional spectra thatC1518/55C'0.53, in excel-

FIG. 6. Kolmogorov scaling of the second-order longitudin
structure function. The horizontal line is at 2.135(4.02)(0.53); the
sloping dashed line indicates universal behavior of the small sca
as (1/15)(r /h)4/3.
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lent agreement with experimental data~Sreenivasan@8#!.
However, the ratioC/C1 in our results differs from the the
oretical value of 55/18, because of significant departu
from isotropy in the computed spectra at the wave-num
range where inertial-range behavior is otherwise reason
well approximated. Results on second- and third-order str
ture functions over a range of Reynolds numbers further s
gest that the simulation database that we have accumu
should be useful for investigating other aspects of simila
scaling and Reynolds number dependence.

We emphasize that ak25/3 scaling is in itself not a suffi-
cient indicator of inertial-range behavior. To achieve
strictly isotropic inertial range in direct numerical simul
tions requires that the inertial scales be small compared
the size of the solution domain. Whereas it is difficult
meet this requirement well, it seems clear that hig
resolution simulations using the techniques of massively p
allel computing are very helpful.
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FIG. 7. Kolmogorov scaling of the third-order longitudina
structure function. The horizontal line is at 0.8.
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